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THE FIRST PERFECT NUMBERS AND THREE
TYPES OF AMICABLE NUMBERS IN A MANUSCRIPT
ON ELEMANTARY NUMBER THEORY BY IBN
FALLUS

SONJA BRENTJES*

Several recent researches have revealed the intensive attention that
was paid by the scientists of the Islamic world since the g century to
elemantary number theory.! This interest started with the translation of
the “Elements” of Euclid at the close of the 8" century and during the g*
century. In the beginning of the g™ century Habib ibn Bahriz translated
a Syrian paraphrase of the “Introductio Arithmeticae” by Nicomachus of
Gerasa, which was commented upon by al-Kindi.? Some decades later
Thabit Ibn Qurra translated the complete text of the “Introductio Arith-
meticae” directly from Greek into Arabic. Already in the 9" century the
mathematicians added new results to the ancient knowledge. The most
important " century treatise on elementary number theory was compos-
ed by Thabit b. Qurra. It treats the construction of amicable, perfect,
abundant and deficient numbers in a way, which surpasses the antique
heritage. Its terminology resorts several times to the “Introductio Arithme-
ticae”, while its methodology of proofs is based on the arithmetical books

*Dr., Karl Sudhoff Institut fiir Geschichte der Medizin und Naturwissenschaften, Karl
Marx Universitat, Leipzig.

! Matvievskaja, G.P., Ucenie o cisle na srednevekovom Bliznem i Srednem Vostoke, Taskent,
1967; Matvievskaja, G.P., “Materialy k istorii ucenija o Cisle nasrednevekovom BliZznem
i Srednem Vostoke,” Iz istorii tocnych nauk na srednevekovom BliZnem i Srednem Vostoke, Tas-
kent 1972, pp. 76-169; Muzafarova, Ch. R., “Arifmetika Nikomacha v izloZenii Kutbaddina
Sirazi,” Mat. i melodika ee prepod., cilt 1, Dusanbe, 1974, pp. 124-131; Muzafarova, Ch. R,,
Arifmeticeskie i teoretiko-Cislovye aspekty knigi VII “Nacal” Evklida v izlozenii Kutbaddina
Sirazi,” Issledovanija po matematike, DuSanbe 1977, pp. 79-84; Soussi, M., “Un texte d’Ibn al-
Banni sur les nombres parfaits, abondants, deficients et amiables,” International Congress
of Mathematical Sciences, July 14, 1975-July, 20, 1975, Hamdard National Foundation, Pa-
kistan 1975; Rashed, R., “Nombres amiables, parties aliquotes et nombres figures aux XIII
eme et XIV éme siecles,” Archive for History of Exact Sciences, vol. 28, 1983 pp.107-147.

2 UB Halle/S., Yb 5. 4°, ff 1® — 547 See also: Steinschneider, M., Die Hebraeischen
Uebersetzungen des Mittelalters und die Juden als Dolmetscher, Berlin 1893, vol. II, 320, p. 517.
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of the “Elements”.? Several scientists transmitted its content at least in
part until the 17" century. As cursory examinations of Central Asian manu-
scripts show, this interest continued until the 19" century.* Among those
who wrote on elemantary number theory are well-known Arabic-Islamic
scholars such as al-Birtini,® Ibn Sin3,® Ab&’l-Wafa,’ al-Karaji,® Qutb ad-
Din ash-Shirazi,® al-Kashi, '° and the author or the authors of the Rasa il
Ikhwan as-Safa!' as well as a multitude of other writers such as Aba
Mansir b. Tahir al-Baghdadi,'? Kamal ad-Din al-Faris,'> Abd Saqr al-
Qabisi, '* and others.'> Some of these writers like Abi Mansir al-Baghda-
di and Kamal ad-Din al-Farisi should be evaluated anew by historians of
mathematics from the standpoint of their number theoretical works. !¢

3 Saidan, A.S., Amicable numbers by Thabit ibn Qurra, Amman (publication sponsored
by the Jordan University), 1977.

* For example in: Bayyan a‘dad. Rukopis’nyj fond’ AN Tadzikskoj SSR, Dusanbe,
Ms 1213, f 335*; Majmii‘e-ye risalat. at the same place, Ms 3960; Majmii‘a ras#’il arabiya.
At the same place, Ms 4410.

5 al-Birtini, Kitab at-tafhim ki awa’il sind’at at-tanjim, ed. J. Huma’i, Tehran 1319 H,
PP- 33-55; See also: Abu Raichan Beruni (913-1048), “Kniga vrazumlenija nacatkam nauki
o zvesdach,” Izbrannye proizvedenija, vol. V1, Taskent 1975, pp. 38-50.

¢ Ibn Sina, ash-Shifd, al-fann ath thani fi’r-riyidiyat, al-hisab, ed. “A.L. Mazhar, al-
Qahira 1975.

7 Abu‘l-Wafa’ al-Buzjani, Risala fi’l-aritmatiqi, Rukopis'nyj fond’ instituta vostokoved-
enija AN Uzbekskoj SSR, Taskent Ms 4750, fT 255°-257% See also: “Traktat Abu-l-Wafy
ob osnovnych opredelenijach teoreti¢eskoj arifmetiki.” In: Matvievskaja, G.P., Ch. Tlaser,
Matematiceskie rukopisi ucenych Sredney Azii, X, XVIII vv. Taskent 1981, pp. 63-76.

8 L°Algébre d’al-Badi’ d’Al-Karagi, Edition, Introduction et Notes par A. Anbouba, Pub-
lications de I’Université Libanaise, Section des Etudes Mathématiques, Beyrouth 1964.

° Qutb ad-Din ash-Shirazi, Durrat at-taj hig hurrat ad-Dibaj, ed. Mashkat, S. M., Teh-
ran 1317-1320 H.

10 Al-Kashi, Miftah al-hisab, ed. an-Nabulsi, N., Dimashg 1977.

"' Rasa’il Ikhwan as-Safa’, 1306 H.

'2 Abl Mansir, Abd’l-Qahir ibn Tahir Al-Baghdadi, Al-Takmila fi’l-Hisab (The Com-
pletion of Arithmetic) With a tract on Mensuration, Edited and annotated with comparative
by A. S. Saidan, Publications of Institute of Arab Manuscripts, Kuwait 1985.

'» Kamal ad-Din al-Farisi, Tadhkirat al-ahbab fi bayyan at-tahabb, In: Rashed, R.,
“Matériaux Pour I'Histoire de Nombres Amiables et de I’Analyse Combinatoire”, Journal
Jfor the History of Arabic Science, vol. 6, 1982, 209-278, pp. 266-229 (in Arabic)

4 Risalat al-Qabisi fi jam‘ anwi“ min al-a‘dad. In: Anbouba, A., “Un mémoire d’al-
Qabisi (4e siecle H.) sur certaines sommations numériques,” Journal for the History of Arabic
Science, vol. 6, 1982, 181-208, pp. 201-187 (in Arabic)

!> Compare Rashed, R., “Nombres amiables, parties aliquotes et nombres figurés aux
XIII*™e et XIV®™ sigcles”, op. cit., p. 109ff.

' Compare ibid., pp. 111, 115, 122-147.
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With the here summarized manuscript Ibn Fallis becomes a member of
this class.

Shams ad-Din Abd’t-Tahir Ismail ibn Ibrahim ibn Ghézi ibn “Ali ibn
Muhammad al-Hanafi al-Mardini, called Ibn Fallas, lived between 1194
and 1252. His epitome on elemantary number theory!” was written dur-
ing a pilgrimage to Mecca.'® The author says that the “Introductio Arith-
meticae” of Nicomachus was its basic source.!” He follows Nicomachus in
the classification of numbers, the majority of the properties of these num-
bers, and the philosophical back-ground; but he adds some new classes of
numbers. He declines to discuss the theory of numerical ratios and pro-
portions of Nicomachus, but he promises to deal with this subject in a se-
parate work.?’ Whether he actually wrote such a treatise is uncertain.?'
There are no traces of number mysticism in the sense of the “Theologou-
menates arithmetikes” in this compendium by Ibn Fallis.?? His epitome
is a purely mathematical text, interspersed by some philosophical remarks
imbedded in an Islamic context.?® The treatise is devoted to the description
of mathematical properties and principles of construction for the 25 kinds
of numbers, that Ibn Fallis defines. The tendency for completeness,
however seems to encourage the author to leave the domain of mathemat-
ics by introducing some oddities. The “inimical numbers”, about which

17 Shams ad-Din Abu-t-Tahir Isma il ibn Ibrahim ibn Ghazi ibn “Ali al-Hanafi al-
Maridini, Kitab idad al-israr fi asrdr al-a'dad, Staatsbibliothek, Preubischer Kulturbesitz, Berlin,
Ms 5970, Lbg. 199, ff 152-31%;, Dar al-Kutub, Cairo, Ms B 23317, 3, ff 62*-72% also: Aya
Sofya, Istanbul Ms 2761, 7

18 ibid., Ms 5970, Lbg. 199, f 15°, 3.

19 ibid., f 15°, 11f.

2 ibid, f 15° 12f.

2 Aside from the number theoretical treatise there are four further works by Ismafl
ibn Ibrahim ibn Fallas:

— Irshad al-hussab fi’l-maftih min “ilm al-hisab

— Insab al-khabr fi hisab al-jabr

— Mizén al-“ulim fi tahqiq al-ma‘lam

— at-Tafihafi a°mal al-misaha

See Matvievskaja, G. P., B. A. Rozenfel’d, Matematiki i astronomy musul’manskogo sred-
nevekov’ja 1 ich trudy (VIII-XVII vv), Moskova 1983, vol. 2, No 359, p. 381

2 See concerning the relevant conjecture by Sezgin: Sezgin, F., Geschichte des arab:
Schrifttums, vol. 5, Mathematik, Leiden 1974, pp. 165f

2 Isma’il ibn Ibrahim ibn Fallds, op.cit., Ms 5970, Lbg. 199, for instance, f 25°, 15-f
25% 9

'5
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the author himself states, that there are no mathematical rules for their
formation, are an example there of.?* Nevertheless, even this kind of num-
bers seems to have been transmitted by other scholars too, since Hajji
Khalifa makes reference to it in his encyclopaedia “Kashf az-Zunin”:

SV S5 G oop i daeldly Ll slaeNl ol Ly A e
25_“ g\,h-_}\ JL_.g é

“The science of the special properties. ... Among these are the proper-
ties of the amicable and inimical numbers, as explained in ‘Tadhkirat al-
ahbab fi baiyan at-tahabb’.”

The book, mentioned by Hajji Khalifa, could be the work of the same
name by Kamal ad-Din al-Farisi.? In Al-Farisi’s treatise there is not the
least trace of the inimical numbers in accordance with its orientation to-
ward mathematical research. No other work, however, with such a title is
known to me.

Ibn Fallis’ text consists of four parts — an introduction on the sub-
ject, the principles and the characteristics of the science of numbers, and
three chapters about the classes of numbers, their names and rules for
construction as well as 25 propositions, mainly from algebra and espe-
cially devoted to the solution of quadratic equations. The author calls these
propositions geometrical principles and general theorems, which he took
according to his introduction from mathematical books, according to his
third chapter from geometrical books.?” A first comparison of those theo-
rems with the author’s algebraical treatise?® suggests that the algebraical
works by al-Karaji and “Umar al-Khayyam were the main sources of this
third chapter. This part contains different variants for working out (a+b)?,
the computation of (a + b)?, several further propositons, and as an added
26" theorem the recursional formula for the binomial coefficients:

(:) , n- l((k-l) (l:]) in verbal form.?

2 ibid, f21° 14-f22° 4.

5 Kegf-el-unun, Katib Celebi, Maarif Matbaasi, Istanbul 1941, vol. 1, col. 725f.
% Compare footnote 13.

%7 Ismail ibn Ibrahim ibn Fallas, op. cit., f 16, 6f.

2 ibid., f25° 11.

2 ibid, f25° 15-f26° 3 and f 28%, 12 - f 28, 4.
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Ahmad ibn as-Siraj, who wrote one of the known three manuscripts,
added to the text another problem, connected with the so called theorem
of Wilson, which seems to have been formulated first by Ibn al-Haytham.
Ahmad ibn as-Siraj gave the general solution of this problem in verbal
form.%

The perfect and amicable numbers are sections 11 and 13 of chapter
2. The amicable numbers are divided into three kinds: amicable numbers
according to quantity, amicable numbers according to quality, and ami-
cable numbers according to quantity and quality. The text includes a ta-
ble, which contains in general ten examples of nearly all kinds of numbers.
There are no examples of amicable numbers of the second and third
kind, inimical numbers, and three special types of solid numbers, the so-
called board, brick, and well numbers.?' The table gives only the first pair
220, 284 of the normal amicable numbers. In the column for perfect
numbers there are ten examples,? seven of which are perfect numbers
(disregarding scribal errors and minor mistakes in the calculation):6, 28,
496, 8128, 33 550 336, 8 589 869 056,>* 137 438 691 328. Thus, Isma’il
ibn Ibrahim ibn Fallds’ treatise contains the earliest recently known state-
ment of the fifth, sixth, and seventh perfect number. At least half a cen-
tury later (between 1292 and 1306) Qutb ad-Din ash-Shirazi composed
his encyclopaedia, in the mathematical part of which the fifth and sixth
perfect numbers are found.* Ibn Fallis’ computation of perfect numbers

3 ibid., [ 28, gloss.

3! See for instance Nicomachi Geraseni Pythagorei Introductionis Arithmeticae Libri II, Rec.
R. Hoche, Lipsiae, 1913, 11, 17, 6.

32 [sma‘il ibn Ibrahim ibn Fallds, op. ct., f 29, 17 f.

» The manuscript has 68128, obviously because the scribe of the manuscript wrote
the last digit of the following number 1 130 816 twice. Aside from 1 130 816, the sixth
(4096 128) and the tenth (35 184 367 894 538) number in the list are not perfect.

3 The manuscript has 8 589 866 056.

3 Muzafarova, Ch. R., “O matematiceskich glavach enciklopediceskogo proizvedenija
“Durra-at-tadz li gurra-at-dibadz” (Zemcuzina korony dlja ukrasenija dibadza) Kutbaddina
Sirazi®, Uéenie zapiski trudy mechaniko-matematiceskogo fakul’teta, vol. 1, Dusanbe 1970, pp. 85-
93, p- 92; The paper, however, contains two errors: First, the fifth perfect number is 33
550 336, not 33 550 366. Secondly, this number does not result for n = 16, but for n=12.
Since Qutb ad-Din ash-Shirazi also gives the sixth perfect number, not mentioned by Mu-
zafarova, she evidently confused the two perfect numbers, because the sixth evolves for
n=16.
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corresponds essentially to Euclid’s rule IX, 36.% The work “At-Takmila
fi’l-hisab” of Abl Mansir al-Baghdadi (d 1037) contains an interesting
statement about the perfect numbers. Its author refuses the antique as-
sumption, that there is one perfect number in each degree of ten, and
declares, that there is no such number between ten thousand and hun-
dred thousand:

SJ.LFQEL‘?JJSL‘(U»\):-\FA}LJ\OAJE;LFQZJBOAM#.G}’:
37 “.r\: sae 2wl izey Y

“He, who said: in every tenary one number is perfect, is wrong, since
there is no perfect number between ten thousand and hundred thou-
sand.”

It seems probably, that the fifth perfect number, at least, was known
before Ibn Fallis. Concerning the amicable numbers Ibn Fallus gives
only for the first kind, i.e. the amicable numbers according to quantity,
a construction rule. These amicable numbers of the first kind are the usu-
al amicable numbers of other texts, defined by the condition that a,, a,
are amicable, if and only if G J(a,) = a,, G [(a,) = a,, where G (n) indi-
cates the sum of the proper divisors of n. This definition seems to have
been exclusively used by the scholars of the Islamic Middle Ages. That it
is equivalent to the assertion:

a,, a, amicable numbers, if and only if G (a,) = G(a,) = a, + a,,
where G(n) denotes the sum of all divisors of n, was discovered ready by
Thabit ibn Qurra and stated at the end of his above mentioned treatise. 3

3 Isma‘il ibn Ibrahim ibn Fallas, op. ci., ff 20° - 217,

¥’ Ab Mansir, Abd’l-Qahir ibn Tahir Al-Baghdadi, op.cit., p. 227.

g s AT s aay L sty SO e 5 s 1) ity
“o&!‘)‘# &1}-\&“ u.'.gs

Saidan, A. S, op. a., p. 53

If every (divisor) of each of the two (numbers) is taken and all these (divisors) of each

(of the numbers) are added, the sum of these (divisors) equals the sum of those two num-
bers.

See also “Sabit ibn Korra, MatematiZeskie traktyty,” Sostavitel B. A. Rozenfel’d, Nauc-
noe nasledstvo, vol. 8, Moskva 1984, p. 126
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Ibn Fallias expressed the rule for amicable numbers of the first kind in
the following way:

Ob 2SIl (3 Llowza plad) B Lo b Dbl slaeYl yay 2SI gLy
AV S s Loge doly 5 1) 0080 Wil Y1y 10815 o siall il 0,5
eV e b gy oY aST gl Lo doly 5 T3l 06 YAE 5 YY.
Jramd b2l L3 b Ladiy b sl ade U Jg) e OB Lgnad O 44 il
QU 7 e @ nlndll gl 2 2 SlaeW) =) 3 adaldl @ 291 8 Ll O s OY
oF Jadl 4 bas Lo sl 2 4 'CL,H ey A e gV ol sl
WG b A g e ey GUI saall 2 % Bl Jy) e sy plal)

“The thirteenth class, namely the amicable numbers, consists of three
subkinds. (The first kind consists of) the amicable numbers according to
quantity, (that is to say), that one of the two numbers is abundant and
the other one is deficient. The (sum of the) parts of each of the two
(numbers) equals the quantity of the other (number), like 220 and 284,
because the (sum of the) parts of each of these equals the quantity of the
other.They arise from the chess board numbers (in the following way:)
We add them. If a prime number results, we add the last (of the num-
bers summed up) to (the sum), and we subtract from it the (number),
which comes before the last of (the added numbers).

(Ify two prime numbers result, we multiply them, and we multiply
the result by the last of (added) numbers. Thus the first of the two ami-
cable (numbers) results. Then the second is found by adding the first of
the two prime numbers to the other one and by multiplying the result by
the last of the (added) numbers. The (product) is the difference between
the two amicable numbers. You add this to the first amicable number
and the second amicable number is the result. In this way they are con-
structed (in) unlimited (number).”

The above mentioned chess board numbers are the so called even
times even numbers,® i.e. the powers of two. The procedure described by
Ibn Fallis is thus the following:

% Ismal ibn Ibrahim b. Fallas, op. cit., f 21%, 14-21", 8.
“ ibid, f18° 7 1.
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I X =ty is prime, form
P =+

n
k -
and p,: = 2P g,
o

If p,, p, are primes, the first amicable number is a, : = p, * p, - 2". The
second amicable number arises, when the difference (p, +p,)2" between

the both amicable numbers is added to a, : a, : = (p, + p,)2" + a,.

This rule corresponds according to R. Rashed*! to that given by Ibn
Sina in his encyclopaedia “Kitab ash-Shifa”, after the edited text of ‘A. L.
Mazhar has been corrected.* Rashed, however, did not explain, what
correction he had in mind. In my opinion, the text is clear as is and is
not in need of any correction, after the meaning of the dual suffixed per-
sonal pronoun huma in the beginning of the passage has been clarified.
Ibn Sini surely knew, that 2" "' — 1 is not always prime. Thus, the use
of the dual (huma) instead of the plural (ha) is imperative and means,
that Ibn Sina referred to the example 220, 284 mentioned in his text just
before. In this case is n =2 and therefore the first two even times even
numbers 2 and 4 are to be added to 1. The result happens to be a prime.
Thus, R. Rashed’s interpretation has to be modified in the sense, that
Ibn Sina did not state the general condition of "' —1,n=1, 2, ..., be-
ing prime, but only the primality of p, and p,. The further form of Ibn
Sind’s rule agrees not only in the contents, but also in the generality of
the wording with the rule of Ibn Fallis, but Ibn Fallis does not repeat
the restriction to the case n = 2 in the first part of the rule. If in Ibn
Sinad’s expression something is to be corrected at all,one should avoid the
second dual suffixed personal pronoun, i.e. instead of “alaihima one should

! Rashed, R., “Nombres amiables, parties aliquotes et nombres figurés aux XIII*me et
XIVeme siecles,” op. ., p. 116, footnote 30°.

2 Rashed writes: Si I'on corrige la lecture de I’édition, le texte d’Avicenne devient lu-
mineux, et se traduit ainsi:

si (2"*'=1), p,.,, P, sont premiers, alors 2°p,_ p, et 2°(p,.,+p,+Pp...P.)=2"q, sont
amiables.

Here his abreviations mean:
Pri=32""'—1, p,=32"—1, q,=92""" — 1. Compare ibid., pp. 111 and 116, footnote 30°.
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read “alaihi or alaihi. This correction, however, affects the meaning of the
text only in a minor way.

Ibn Sina wrote:

131 045 oF bty Jgf sae patrlh Logae dollly = g3l 755 slael e 13 7
9 sl Olamdl any dlly 8L an all OF A3 ) ey bl Lagle
Jam Slesadl 21 3 memrl b0y ¢ osall Al G ade Wil Wl O b
bz cppsS Ul Laslly L1 & ga 3l e 050 S sl am g ¢ o 4 50

L0 WPy o A A V)T 39 gl saadl ‘s}; Ole sesty J.a-T d

“If two even numbers are added together and to the sum (number)
one, a prime number results. If the last (of the added even times even
numbers) is added to the two (summands, i.e., 6 + 1) (or better: to them,
i. e, 2+4+ 1, or: to it, i. e, the prime number 7) and the number be-
fore it is subtracted (and) if then the (sum) and the (difference) are two
prime numbers, then the product of the (sum), the (difference) and the
last of the summed (numbers) gives a number, which has a friend. Its
friend is the number, which arises from the addition of the sum of the
mentioned sum and difference, multiplied with the last of the summed
(numbers), to the previously found number which has a friend. These two
are amicable (numbers).”

This reading and interpretation of Ibn Sind’s rule lets unexplained
how Ibn Fallis’ general primality condition for 2" "' — 1 could have been
evolved. A text, which contains an argument for the choice of 2"*' —1
instead of Thabit ibn Qurra’s 2"*' (2" %' + 2"%) — 1 is not known to me.
There are some clues, however, out of which thi. step could be recon-
structed hypothetically. First, a check of Ibn Sinad’s rwe for n = g already
shows, that, although p, and p, are primes, a, and a, are not amicable
numbers and that, in contrast to n =2, 2* — 1 =15 is not prime. Sec-
ondly, the continuation to the the case n =4 yields p,, p,, and 25 —
1 =31 as prime numbers, and a, and a, as amicable ones. According to
the convincing interpretation of Thabit ibn Quarra’s treatise on amicable
numbers by J. Hogendijk, Thabit ibn Qurra already knew this pair of

# Here, the edition’s awwaliyan has been changed to awwalain.
4 Ibn Sina, op. cat., p. 28, 15-20.
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amicable numbers, because the proof of his general rule is phrased for
the case n = 4.* Hence it could have been possible to derive the rule cited
by Ibn Fallas heuristically from the rule of Ibn Sina.

Thirdly, the writings of other authors show that Thabit ibn Qurra’s
rule was not transmitted verbatim. Nevertheless, the majority of the
known texts follow it essentially.* The only known scholar, who lived be-

* Hogendijk, J. P., “Thabit ibn Qurra and the Pair of Amicable Numbers 17296,
18416, Historia Mathematica, vol. 12, 1985, pp. 269-273.

# al-Qabisi uses the Thabit-rule in the form given by Thabit Ibn Qurra: If p,=2"*'—1+2",
p,—=2""'—1—2"" and p,=2"* ' (2" * ' + 2"?) — 1 are prime numbers, then 2°p p, and 2"
p, are amicable numbers although one sentence is missing in the only extant manuscript.
Rislat al-Qabisi fi jam® anwa® min al-a“dad, op. cit., pp. 192-191 (in Arabic);

al-Karaji summarizes Thabit ibn Qurra’s text in a relatively extensive manner in
a chapter of his algebraical treatise “al-Badi” without reference to his source. He uses in it
the following version of Thabit’s rule for amicable numbers:

3, =p p.2ha, =@+ 1(2"*')’ — 1) 2", p., p. as defined by Thabit ibn Qurra
Po P

and pnmc numbers, ((2" ')’ + (2"*")* — 1) prime number. “L’Algébre al-Badi‘ d’Al-Ka-
ragi,” op. at., p. 27
Abu Mansir al-Baghdadi introduced in the rule, basicly similar to Ibn Sina’s version,
a recursive description of the prime numbers p, and p,:
— first step: 22 + 1 = 5 is a prime number,
5.2 + 1 =11 is a prime number,

11 - 2° is a prime number, i. e., he tests, if 2" * '— 1 is prime;
then 11 - 5 - 22 = 220 is the first amicable number and (5 + 11) - 22 +
220 = 284 is the second amicable number;
—second step: search for a new pair of amicable numbers 2:11 + 1, 25 + 1, 2711 +

1 — 23, 25 + 1 — 23. Test, if these four numbers are primes, if not, this step does
not yield a new pair and computate again:
2p, + 1, 2p, + 1 and test, if they are primes. Now the condition, 2" *' - 1 and 2"
— 1 prime numbers, is missing.

If in the n-th step 2p, + 1 and 2p, + 1 are prime numbers, then the first amicable
number is (2p, + 1) (2p, + 1)2";

Abl Mansir, Abd’l-Qahir ibn Tahir Al-Baghdadi, op. cit., pp. 230 - 231

Al-Farisi describes a version of Thabit ibn Qurra’s rule:

q=2"+2""'—1,q=32" 1,99 =9, q +q + g~ q;ifq, q, and q,
are prime, 2"q, and 2"q, are amicable numbers.

See Rashed, R., “Matériaux Pour I’Histoire des Nombres Amiables et de I’Analyse
Combinatoire,” op.cit.,, p. 265; Zain ad-Din at-Tanikhi (1307) states the rule as al-Karaji,
the text, however, omits in the rule’s general statement the condition for p,: p,, p, are de-
fined as by Thabit ibn Qurra, p, as by al-Karaji. If the three numbers are prime, then
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fore Ibn Fallis and stated the rule for amicable numbers in a form,simi-
lar to that of Ibn Sini, is Abi Mansir al-Baghdadi.* Fourthly, the ver-
sion of Thabit ibn Qurra’s text in the Aya Sofya manuscript, which dif-
fers from the Paris manuscript, offers a further clue.® In the Aya Sofya
manuscript it is required that not only

P, P, and pi=2"""(2"""+ 2" —1, but also a number
Z=2"""— 1 is prime.* On the basis of the above mentioned interpre-
tation by Hogendijk this inclusion of Z in the primality condition for p,
and p, also could be explained as a reflection of the concrete case n = 4,
where Z = 31. Since the primality condition for p, and p, by Thabit ibn

2"p,p, and 2"p, are amicable numbers. The absent p, can be derived from the following
example 220, 284. Compare ibid., p. 228; Muhammad Bagqir al-Yazdi phrases the rule as
follows: q, = g sghe gl o=, o mg gl pmgl ot by, i ™00 99 F g T g,
Note, that al-Yazdi’s general statement, as edited by Rashed, contains an error, because he
defines q, as 2" — 1. But he gives q, as above in the example. His general rule continues:
If q,; q,, and q, are prime numbers, then 2°q, and 2" (q, + q, + q,) are amicable num-
bers. Compare ibid., p. 226;

Ibn Haidur (d 1413) gives the rule in his commentary on the “Talkhis a’'mal al-hisab”
by Ibn al-Banna in connection with the example 220, 284:

Pu» P, are defined as by Thabit b. Qurra, if they are prime, then 2°p,p, is the first of

the sought numbers. If p, = (2" + ;’- 2" . 2""' — 1 is prime, then p,2° is the second
one. See ibid., p. 217; In a treatise, attributed by M. Soussi to Ibn al-Banna‘, but probably
composed by a commentator according to Rashed, the rule again appears in the original
form of Thabit ibn Qurra. The author of the text, however, erroneously requires the prim-
ality of the multiplicand p p, of 2" instead of each of the numbers p, and p,. Then he
states the contradiction between his requirement and the examples 220, 284 and 17296,
18416, without recognizing his mistake. See Soussi, M., op.cit., pp. 4-7; Soussi’s formulas of
Thabit’s rule contain two inaccuracies (p. 13): instead of ¢ = g2™' — 1 read ¢ = g2*™' — I.
Thabit’s rule is not simpler than the rule given by this text, but the two rules are equiv-
alent. This fact has already been pointed out by Borho. See Borho, W., “Befreundete Zah-
len. Ein zweitausend Jahre altes Thema aus der elementaren Zahlentheorie,” Lebendige ah-
len. Mathematische Miniaturen I. Basel, 1981, p. 30; Qutb ad-Din ash-Shirazi, on the other
hand, transmits the rule in the same form as Ibn Fallis. See Muzafarova, Ch. R., “Arifme-
tika Nikomacha v iZlozenii Kutbaddina Sirazi,” op. cit., p. 129

*7 See the description of al-Baghdadi’s rule in footnote 46.

48 Ms 4830, Aya Sofya, Istanbul, ff 110* - 121°; See Saidan, A. S., op. ait., pp. 50 - 53-

¥ ibid., p. 50.
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Qurra points to the general case,* the inclusion of Z tends to become
a general condition too. Later authors, who transmitted Ibn Sind’s rule,
could have taken over this general primality condition for 2"*'—1, p,
and p, on the basis of the version of Thabit ibn Qurra’s treatise in the
Aya Sofya manuscript, while the condition for p, was omitted, because p,
was no longer computated explicitely. They may also have introduced
themselves the general primality condition for 2" "' — 1 by considerations
as outlined above.

No Arabic-Islamic scholar seems to have investigated the relations
between the both rules. A comparison between the pairs of amicable
numbers, produced by the two rules, shows, that both yield the pairs for
n=2 and n =4, but only Thabit ibn Qurra’s rule gives the pair for
n = 7 too. According to Borho®! this rule does not produce any other pair

for n > 20.000. With the notation q=12""'—1 and p, as above as

2" "1 (2"T" + 2"%) —1 the relation between the two rules can be stated

as:

9 2 I 2
p3=§(q+l) =§(9q +18q + 1),

50

oYl e Vgl bae OO0 b alsl e sl 5 OFT 06
slaeVlods 0SS L ) i o= g Qo A sl Ujald Yy o ayp ol 448
‘(\\\) Jﬁ_‘j“-\"
,Lgc&}.&wlvw\é(\-)”
Lol oposde e Dbl Ol Y ddl 3 (VY)

ibd., pp. 50 and 54

For the English version of this passage I use the translation of Hogendijk, J., “Thabit
ibn Qurra and the Pair of Amicable Numbers 17296, 18416, op. ait., p. 270. I replaced, how-
ever, Hogendijk’s interpolation (*) through the original letter Z of the Arabic text, omitt-
ed Hogendijk’s explanation [...] and added the numbers of Saidan’s footnotes (10) and (11):
“If each of the numbers Z, H, T is a prime number other than the number two,
then this is what we want. If not, then we proceed with the (series of) numbers that we add-
ed until we arrive at some number such that these numbers which are derived from it are
prime.(”' sic)?

“(10) in manuscript 2: ... the two numbers H, T (11) in manuscript 2: ... these two
numbers are prime.”

The manuscript 2 is the Paris manuscript Ms 2457, Bibliothéque Nationale, ff 170° -
180 Compare Sabit ibn Korra, 0p. cit., p. 124.

31 Borho, W., op. cait., p. 14.
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Evidently, the assertions “q prime” and “p, prime” are independent,
as is demonstrated by the following examples: n=6 q = 127 prime,
p, = 18.431 = 7.2633 n =8 q = 511 = 7.73, p, = 294.911 prime.:

No quadratic polynom f is known which yields for infinitely many ar-
gument values x prime numbers f(x). > The analysis, which numbers
a, = 2'p,p, and a, = 2"p, with p, p,, and p, primes are amicable num-
bers, gives the following results:

— if a, and a, are amicable numbers, G (a,) = G (a,) is valid for
primes p, with p, = (p, + 1) (p, + 1) — 1 and arbitrary primes p, and p,;

— if a, and a, are amicable numbers, G (a,) = G (a,) holds true, be
2"*!'— 1 a prime number or not, i.e. the primality condition for
2"t 1— 1 is insignificant;

— the structure of the primes p, and p, of two amicable numbers a,
and a, depends upon the equation 2"p,p,+2"p,=G (2"p,,
which has to be valid for two amicable numbers a, and a,.
Using the above given relation between p, and p,, p, the equation
2°p,p, + 2°p, = G (2"p,) yields

ErOmEEn_ .
p.+p.t+2 )

If a, = 2"p,p, and a, = 2"p, are amicable numbers, the least of the
three primes is greater than 2. Thus, we can put
p, + 1 =2k, p, + 1 =2k, where k, <k,

We get

S
20 +k)

With k, = 2""*(2" + 1)
andk,=2"" (2*+1)and O < k < n

one obtains the following structure of the three primes:

52 T am indebted to Dr. O. Neumann, Jena, for this information.
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p,—2"'k (2“+1)—1
p.— 2" (2+1)—1

p= o A O~ =g @+t =1

This results is equivalent to Euler’s rule for all amicable numbers of
the above given type, i.e., a, = 2"p ,p, and a, = 2"p,. For k = 1 one gets
an equivalent version of Thabit b. Qurra’s rule.

Ibn FallGs describes the second kind of amicable numbers as follows:

A0Sy 155 05l 0,5y b gj cp ) Al 0,5 0L LaSI G dludll
340 g5 03l 0,0y 1

“(Numbers) are amicable according to quality, if one of the two num-
bers is even and its parts are odd, and if the other (number) is odd and
its parts are even.”

This statement is meaningful, provided that the two words “its parts”
are interpreted as “sum of its parts”, i.e., sum of the proper divisors of the
number. This interpretation is justified by the wording of the defini-
tions for abundant, deficient and amicable numbers according to quantity
in the second chapter of Ibn Fallis’treatise. There the author uses the
expression “parts” in the sense of “sum of the parts”, in contrast to the
definitions of the first chapter.** Hence two numbers are called amicable
according to quality, if

a,=2k and G, (a,)=2m +1,
a,=2k,+1and G (a,) = 2m,,
k,m;eIN,i=1, 2.

Examples are not given in the text. It is, however, easy to show, that
only the following numbers are amicable according to quality:

a,: 2", (2k,)’, 2"(2k,)?, 2"(2k, + 1)*

53 Isma‘il ibn Ibrahim ibn Fallas, op. cit., f 21", of.
4 tbid., f 17 1-5.
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a,: (ek, + 1)°,

n, k,, k, ¢ IN.

(2k,)* and 2" (2k,)? are nothing but special cases of 2™ or 2" (2k, + 1)%
a, = 2" obviously satisfies the conditions. a, =2, (2k, + 1)? and
a,=(2k, + 1)? satisfy them, if and only if G [(2k, +1)?] and
G [(2k,+1)?] are odd. Let 2k+1=p " p,™ .... p," be the prime number
decomposition with p; # p, # 2, ¥ i,j € {1, ..., t}.

t 2n

G [(2k+1)* |=II ( Zp.") is odd, if and only if every factor is odd.

This is evident, because every factor is the sum of an odd number of odd
terms. It follows, that all other even or odd numbers are not amicable ac-
cording to quality.

The third kind, the amicable numbers according to quantity and
quality, is defined by Ibn Fallis as those numbers, which possess the prop-
erties of the both preceding kinds. > This definition means:

Two numbers a,, a, are called amicable according to quantity and
quality, if a, is even, G (a,) is odd, a, is odd and G, (a,) is even with
G,(a,) = a, and G,(a,) = a,. Thus, one asks implicitely for pairs a,, a, of
opposite parity with
I 8 = 2% a, =~ @k + 1)
or
2.a,=2"(2k,+1)?, a,=(2k,+1)
and G,(a,) = a,, G (a,) = a,.

The first case is simple to exclude, since Kanold has proven, that two

numbers 3= p¥, t=q M, q M. .. q» p ¥ q; ¥q; can only be
amicable, if s, t, n and some m; are odd*. From his proof it follows in-

% ibid., f21° 10-12.
5 Kanold, H.-J., “Uber befreundete Zahlen. 1,” Mathematische Nachrichten, vol. 9, 1953,
PP- 243-248.
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cidentally, that 2k, + 1 in the second case can not be a power of
a prime number. Hence, a pair of numbers with opposite parity can be
amicable (this formulation is equivalent to Ibn Fallis’ amicable according
to quantity and quality) only, if a, = 2%(2k, + 1)?, a, = (2k, + 1)* and
2k, + 1 is not a power of prime number.*” Such a pair is unknown until
present, ** but necessary conditions and lower bounds have been derived:

Let a, = 2"(2k, + 1)* and a, = (2k, + 1)* be amicable numbers. Then
the following is valid:

1. a, is neither a fourth power nor a quadruple or octuple of such
a power.

2. 2k, + 1is not a square.

3. If n=1, we have a, < a,, (a,, a,) = 1; a, possesses at least five
distinct prime factors, a, a, = 2(mod 24), a, > 10%.

4. Ifn > 1,thena, < a,(a,a, > 1.

5. If n> 1 odd, then (2k, + 1, 3) = (2k, + 1,3), and there is a prime
number q and m € IN with q™ 2k,+ 1 and q™*' + 2k, + 1 and
q=m =1 (mod 3). If m = 3(mod 4), there exists a prime number p,
not necessarily distinct of q, and 1 € IN with p' | 2k, + 1 and p'*' 4
2k, + 1and 2p = 1 = 2(mod 5) and

57 After the completion of the manuscript I was able to consult the treatises Kanold,
H.-J., op. ait,, and Gioia, A. A., A. M. Vaidya, “Amicable Numbers with Opposite Parity,”
American Mathematical Monthly 74, vol. 8, 1967, p.p 969-973, cited by Lee, E. J., J. S. Mad-
achy, “The History and Discovery of Amicable Numbers”- Part I, Journal of Recreational
Mathematics 5, vol. 2, 1972, pp. 77-93. The survey of Lee and Madachy served as the basis
for the considerations in the present paper about the structure of amicable numbers with
different parity.The treatise of Gioia and Vaidya also proves, that amicable pairs of differ-
ent parity can only have the structure 2°(2k, + 1)?, (2k, + 1)?, 2k, + 1 being a composed
number. Some further propositions on the structure of 2k,+ 1 are also derived. The proof
is independent of Kanold’s paper, which gives a sharper result concerning the structure of
2k, + 1. Note that Gioia’s and Vaidya’s paper operates with an incorrect statement of the
definition of amicable numbers. They require, that the sum of all positive divisors of one
number is equal to the other number (p. 6g).

* According to Lee, E. J., J. S. Madachy, op. cit. p. 84, the formula a, = 2"M?, a, = N2,
M, N odd numbers, was first given by Gmelin, O., Uber vollkommene und befreundete ahlen,
Diss., Hiedelberg, 1917, Halle/S., 1917, but as a matter of fact its earliest occurence is in:
Kanold, H.-J., “Uber befreundete Zahlen. II,” Mathematische Nachrichten, vol. 10, 1953, pp.
99 - 111, p. 99.
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ok, +1= ok, +1 = i(n+ 1) G[(2k, + 1) ] = o (mod 5).
6. If 2k, + 1 =p°, then n=1, s > 6, p = 1 (mod 12), the number
of distinct prime factors of a, is greater than 24 and a, > 1075.%

These results obtained by 20" century mathematicians show that the
problem of finding amicable numbers of the third kind could not be
solved by medieval mathematicians. Thus this problem probably did not
originate in a mathematical context. Since no other text is known to con-
tain this problem, an ultimate answer about its origin or its motivation
cannot be given at this time. Ismail ibn Ibrahim ibn Fallis’ way of ex-
pression, however, points at its possible origin in a philosophical back-
ground.

> 1bid., pp. 99 - 111; Lee, E. J., J. S. Madachy, op. cit., p. 84.
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IBN FALLUS'UN ELEMANTER SAYI TEORISi UZERINE
OLAN BiR YAZMASINDAKI iLK YEDI MUKEMMEL
SAYI VE DOST SAYILARIN UC CESITI

SONJA BRENTJES
Tiirkgeye ceviren: MELEK DOSAY*

Son zamanlarda yapilan bazi arastirmalar g. ylizyildan itibaren ele-
manter sayl teorisine Islim Diinyas: bilim adamlarinin yogun bir ilgi
gosterdiklerini ortaya koymaktadir.! Bu ilgi 8. yiizyil sonlan ile g. yizyil
boyunca Euclid’in “Elementler” inin terclimesi ile basladi. g. ylizyil basla-
rnnda Habib ibn Bahriz, Kindi tarafindan serhi yapilan Nicomachus of
Gerasa’min Introductio Arithmeticae’sinin bir Siiryani nushasini terciime etti.?
Yirmi, otuz yil sonra Sabit ibn Kurra Introductio Anthmatica¢nin tam met-
nini dogrudan dogruya Yunanca’dan Arapga’ya terciime etti. 9. yiizyilda
matematikciler eski bilgilere zaten yeni neticeler eklemislerdi. Elemanter
say1 teorisi konusunda g. ylizylhn en Gnemli incelemesi Sabit ibn Kurra
tarafindan yapilmigti. Bu eser dost sayilarin, mitkemmel sayilarin, fazlahkh
(abundant) ** ve eksikli (deficient)*** sayilarin yapisini bu konulara iliskin

* Yard. Dog. Dr., Ankara Universitesi, Dil ve Tarih-Cografya Fakiiltesi, Felsefe
Boliimi, Bilim Tarihi Ana bilim dal.

** Fazlalikh say1: Tam bélenlerinin toplami kendisinden biiyiik olan say1.

*** Eksikli sayi: Tam bélenlerinin toplami kendisinden kiigiik olan sayi. Aykut Goker
“abundant” sayiy1 “agin say1”, “deficient” sayiy1 “6ziirlii say1” olarak terciime ediyor. Orta
Cagda Fizik Bilimleri, Edward Grant, geviren: Aykut Goker, 1986, s. 13.

! Matvievskaya, G.P., Ugenie o ¢isle na srednevekovom Bliznem i Srednem Vostoke, Taskent
1967; Matvievskaya, G.P., “Materialy kistorii ugenija o ¢isle na srednevekovom Bliznem
i Srednem Vostoke”, Izistorii tocnych nauk na srednevekovom Bliznem i Srednem Vostoke, Tagkent
1972, s. 76-169;Muzafarova, Ch. R., “Arifmetika Nikomacha v izlozenii Kutbaddina Sirazi”,
Mat. i metodika ee prepod., c. 1, Diigenbe 1974, s. 124-131; Muzafarova, Ch. R., “Arifmetiges-
kie i teoretiko-cislovye aspekty knigi VII “Nacal” Evklida v izlozenii Kutbaddina §irazi”, Iss-
ledovanija po matematike, Diigenbe 1977, s. 79-84; Soussi, M., “Un texte d’Ibn al-Banni sur
les nombres parfaits, abondants, deficients et amiables”, International Congress of Mathe-
matical Sciences, Temmuz 14, 1975-Temmuz 20 1975, Hamdard National Foundation, Pa-
kistan 1975; Rashed, R., “Nombres amiables, parties aliquotes et nombres figurés aux XIII
éme et XIV éme siecles”, Archieve for History of Exact Sciences, cilt 28, 1983, s. 107-147.

2 UB Halle S, Yb 5. 4°, 1>-54* yapraklar; ayrica suna da bakiniz: Steinschneider,
M., Die Hebraeischen Uebersetzungen des Mittelalters und die Juden als Dolmetscher, Berlin 1893,
cilt 2, 320, s. 517.
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Antik ¢agin mirasindan iistiin bir bigimde ele almaktadir. **** Ispat meto-
du Elementlerin aritmetik kitaplarina dayanmakta,metodolojisi ise zaman
zaman Introductio Arithmatica€'ye bas vurmaktadir.® Bazi bilim adamlar bu
incelemenin muhtevasimi hi¢ degilse 17. yuzyila kadar tagidilar. Orta Asya
yazmalarindan kisa incelemelerin gosterdigi gibi, bu ilgi 19. ylizyilla kadar
devam etti.* Elemanter say: teorisi konusunda yazan Islam Diinyas: aragti-
ricilarindan en iyi bilinenler arasinda Beyrtni,® Ibn Sina,® Abd’l Vefa,’
Kereci,® Kutbiddin Sirazi,® Kasi'® ve Resail Thvan es-Sefa’nin!! yazar veya
yazarlari, ve de AbG Mansir ibn Tahir el-Bagdadi, '? Kemaleddin Farisi,
Abi Sakr al-Kabisi'* gibi baska yazarlar!® da vardi. Bunlarin bazilari, me-

**** Daffa ve Stroyls da su makalelerinde aym konuyu incelemekteler: Itn Sind Dogu-
munun Bininci Yili Armagam, “Ibn Sina as a mathematician”, Ali A. Al-Daffa-John Stroyls,
Ankara 1984, s. 79.

3 Saidan, A.S., Amicable Numbers by Thabit ibn Qurra. Amman (Urdiin Universitesi Ya-
ymni) 1977.

¢ Ornegin Beyyan o dad’de. Rukopis'nyj fond> AN Tacikskoy SSR, Diisenbe 1213,
335° yaprak; Mecmi e-ye risalat. Aym yerde yazma No. 3960, Mecmil a resd’il “Arabiya. Aym
yerde yazma No. 4410.

5 Al-Birani, Kitab at-Tefhim lifavwa’il sind at at-Tancim, ed. J. Huma’i, Tahran 1319
H., s. 33-55; Suna da bakimiz: Aba Reyhan Beyrini (913-1048), “Kniga vrazumlenija nagat-
kam nauki o zvesdach”, Izbrannye proizvedenyja V1. Taskent 1975, s. 38-50.

¢ ibn Sina, Ey-Sifa El fen el-sini riyaziyat, el-hisab”, ed. °A.L. Mazhar, Kahire 1975.

7 Abu’l-Vefa el-Buzcani, Risale fi’l-anitmetiki, Rukopis’nyj fond’ instituta vostokovede-
nija AN Uzbekskoj SSR, Taskent, Ms 4750, 255°-257® yapraklar, suna da bakimz: “Traktat
Abu-l-Wafy ob osnovch opredelenijach tedretigeskoj arifmetiki: Matvievskaya, G.P., Ch.
Tllasev, Matematigeskie rukopisi ugenych Srednej Aziz X. XVIII vv. Tagkent 1981, s. 63-76.

8 A. Anbouba, L’Algébre al-Badi “d’Al-Karaji, edisyon, sunus ve notlar, Liibnan Uni-
versitesi yayinlarindan, Matematik incelemeleri Bolimii, Beyrut 1964.

® Qutb ad-Din ash-Shirazi, Durrat at-tdj lighurrat ad-Dibaj, ed. Mashkut, S. M., Tah-
ran 1317-1320 H.

10" Al-Kashi, Miftah al-hisab, ed. an-Nabulsi, N., Sam 1977.

""" Resail ithvan es-Safa, 1306 H.

12 Abii Mansur, Abd’l-Qahir ibn Tahir Al-Bagdadi, A/-Takmila fi’l Hisab (Aritmetigin
Tamamm), mesaha iizerine bir kisim ile, mukayeseli edisyonu ve serhi A.S. Saidan tarafin-
dan yapilmistir, Arap Yazmalan Enstitiisii Yayinlarindan, Kuveyt 1985.

3 Kamal ad-Din al-Farisi, Tezkire el-ahbab fi beyyan el-tahabb, R. Rashed, “Matériaux
Pour I’Histoire de Nombres Amiables et de I’Analyse Combinatoire”, Journal for the History
of Arabic Science, cilt 6, 1982, s. 209-278, 266-229 Arapga.

4 Risle el-Kabisi fi cem” enva min el-a dad, A. Anbouba, “Un Mémoire d’al-Qabisi (4e
siecle H.) sur certaines sommations numériques”, Journal for the History of Arabic Science, cilt
6, 1982, s. 181-208, 201-187 Arapga.

5 R. Rashed, “Nombres amiables, parties aliquetes et nombres figurés aux XIII*™® et
XIVéme sigcles”, a.g.e., s. 109 dipnot ile mukayese ediniz.
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sela Abu Mansur el-Bagdadi ve Kemaleddin Farisi matematik tarihgileri
tarafindan yeni bastan say: teorisi ¢alismalan agisindan degerlendirilmeli-
dir.'® Burada yazmasi 6zetlenen ibn Fallis bu grubun bir iiyesi olmakta-
dir.

Ibn Fallis adiyla anilan Semseddin Abé Tahir ibn Ibrahim ibn Gazi
ibn “Ali ibn Muhammed el-Hanefi el-Mardini 1194 ve 1252 yillan arasin-
da yasamigtir. Elemanter say: teorisi!’ {izerine ozet ¢aligmasi Mekke’ye bir
yolculugu sirasinda yazilmistir.’® Yazar, Nicomachus’un Introductio Arith-
maticaesinin kendisinin temel kaynag oldugunu soylemektedir. Nicomac-
hus'un sayilart simflamasinda  bu sayilann  6zelliklerinden  biiytik
bolimiini ve felsefi temelini kabul etmekte, fakat bazi yeni sayr siniflan
ilave etmektedir. Nicomachus’un sayisal oran ve orantilar teorisini tartis-
maya girmiyor, fakat bu konuyu ayrn bir eserde ele alacagina s6z vermek-
tedir.? Gergekte boyle bir eser yazip yazmadig: belli degildir.?' ibn Fal-
las'un bu 6zetinde “Theologoumenates aritmetikes” anlaminda say1 misti-
sizmine dair belirti yoktur.?? Onun o6zeti Islami bir baglam icinde bazi
felsefi miilahazalarla karigik saf bir matematik metnidir.?> Bu inceleme,
ibn Fallis’un tammladig: yirmibes gesit saymin tertib edilmesi (olusturul-
masi) prensiplerinin ve matematiksel ozelliklerinin tavsifine hasr edilmigtir.
Mamafi biitinliik egilimi yazari bazi acayip problemleri ekleyerek mate-

16 a.g.e.,s. 111, 115, 122-147 ile mukayese ediniz.

7 $emseddin Ab& Tahir Isma‘il ibn Ibrahim ibn Gazi ibn “Ali el-Hanefi el-Maridini,
Kitab dad el-israr i asrar al-a‘dad, Staatsbibliothek, PreuBischer Kulturbesitz, Berlin, yazma
No. 5970, Lbg. 199, 1 5°-31° yapraklar; Dar al-Kutub, Kahire, Yazma No B 23317, 3, 62*
72* yapraklar; yine Ayasofya, Istanbul, Yazma No 2761, 7,

'8 a.g.e,, yazma No. 5970, Lbg. 199, 15° yaprak, 3.

1 a.g.e., 15° yaprak, satir 11.

2 g.g.e., 15° yaprak, satir 12.

2! Say1 teorisi incelemesi diginda Isma‘il ibn Ibrahim ibn Fallas'un dort eseri daha
vardir:

— Irsad el-Hussab f’]l -meftih min “ilm el-hisab

— Insab el-habr fi hesab el-cebr

— Mizan el-“uliim fi tahkik el-ma‘lam

— El-tafaha fi a‘mal el-mesaha.

Bakiniz, Matvievskaya, G.P., Rosenfeld, B.A., Matematiki i astronomy musul’manskogosred-
nevekov ja i ich trudy (VIII-XVII vo), Moskova, 1983, cilt 2, No 359, s. 381.

2 Sezgin’in bu konuyla ilgili varsayimina bakiniz: Sezgin, F., Geschichte des Arabischen
Schrifttums, cilt 5, Matematik, Leiden 1974, s. 165 dipnot.

2 [sma‘il ibn Ibrahim ibn Fallds, a.g.e., yazma No. 5970, Lbg. 199, ornegin 25°* yap-
rak, 15-22° yaprak, g.
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matik sahasini terk etmeye tesvik etmis gorunmektedir. Yazarin kendisi-
nin, formillendirilmeleri i¢in matematiksel kurallarin bulunmadigini ifade
ettigi “diisman sayilar” bunun bir ornegidir.?* Yine bile, bu ¢esit sayilar
diger arastincalar tarafindan da nakledilmis gibi gorinmektedir, ¢linki
Haci Halife Kegf el Juniin‘unda buna referans yapmaktadr:

Sl ¥l 5 S 3 on I aaeldly Ll slaeVl ol Ly Lo oA e
25 “.q\aﬂ\ O\-g ;_3

“Ozel hususiyetler bilimi... Bunlar arasinda Tezkire el-Ahbab fi-beyan et-
Tahab’da agiklandig: gibi dost ve disman sayilarin 6zellikleri vardir.”

Hac1 Halife tarafindan s6z konusu edilen kitap Kemaleddin Farisi’nin
aym isimli eseri olabilir.? Farisi’'nin kitabinda matematiksel arastirma
yoninde disman sayilara dair en kiigik bir iz yoktur. Mamafi bdyle bir
bashga sahip baska hig bir eseri ben bilmiyorum.

Ibn Fallis’un metni dért kissmdan olusur; konuyu takdim, sayilar bi-
liminin prensipleri ve ozellikleri ve sayilarin siniflari, bunlarin adlan ve
esas olarak cebir sahasinda ve Ozellikle de ikinci derece denklemlerin
¢oziimlerine hasr edilen 25 propozisyonun kurulmasi i¢in kurallar hakkin-
da ili¢ bolim. Yazar bu propozisyonlara geometrik prensipler ve genel teo-
remler demektedir ki, bunlan giris boliminde matematik kitaplarina
gore, liglincli bolimde ise geometri kitaplarina gore almaktadir.?” Bu teo-
remlerin yazarn cebir eseri? ile mukayesesi ilkin Kereci ve Omer Hay-
yam’in cebir eserlerinin bu iglinci bolim igin ana kaynaklar oldugunu
akla getirmektedir. Bu bolim (a + b)? yi ¢6zmek igin farkli degiskenleri,
(a + b)3 lin hesaplanmasini, bagka birka¢ propozisyon ve yirmialtinc teo-

; ; = (k= 4 i
reme bir ek olarak binom katsayilan i¢in (E) = DT(I) (k"—1) formiiliiniin

sozel bigimini ihtiva etmektedir.

Bilinen ii¢ yazmadan birini yazan Ahmed ibn el-Sirazi ilk defa Ibn
el-Heysem tarafindan formiile edilmis gibi goriinen ve Wilson teoremi de-
* a.g.e., 21° yaprak, 14-22° yaprak, 4.
% Katib Celebi, Kegf el-Zunun, Maarif Matbaasi, cilt 1, Istanbul 1941, kolon 725
2 Dipnot 13 ile kargilagtiriniz.
% {sma‘il ibn Ibrahim ibn Fallds, a.g.c., 16° yaprak, 6 satir.
2 g.g.e., 25° yaprak, 11.
¥ a.ge., 25" yaprak, 15-26" yaprak, 3 ve 28° yaprak, 12-28° yaprak, 4.
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nilen teorem ile iliskili bir baska problemi metne eklemistir. Ahmed ibn,
el-Sirazi bu problemin sozel bigcimde genel ¢6ziimiinii vermistir. >

Ikinci bolimiin 11. ve 13. kisimlari miikemmel ve tam sayilardir.
Dost sayilar ti¢ cesite ayrilmistir: Nicelige gore dost sayilar, nitelige gore
dost sayilar ve nicelige ve nitelige gore dost sayillar. Metinde, asag yukan
biitiin gesitlerden on genel 6rnek ihtiva eden bir cizelge bulunmaktadir.
Ikinci ve iigiincii gesit dost sayilarin, diigman sayilarin ve tahta (board)*,
tugla (brick)** ve kuyu (well)*** sayilar denen ii¢ boyutlu sayilarin tg
ozel tipi i¢in ornek yoktur.*' Cizelge normal dost sayilardan sadece ilk
220, 284 ciftini vermektedir. Miikemmel sayilar kolonunda on 6rnek bu-
lunmakta,* bunlann yedisi mikemmel sayilar (yazarin hatalan ve dnem-
siz hesap yanlglarina bakmayarak): 6, 28, 496, 8128, 33 550 336, 8 589
869 056,> 137 438 691 328. Boylece Ismail ibn Ibrahim Ibn Fallis’'un
eseri son zamanlarda bilinen, 5., 6. ve 7. miikemmel sayilarin en erken
ifadesini ihtiva etmektedir. Hi¢ degilse yarim yiizyil sonra (1292 ve 1306
arasi) Kutbeddin Sirazi matematik bolimiinde, 5. ve 6. miikkemmel sayila-
nn bulundugu ansiklopedisini ortaya koymustur.** Ibn Fallis'un miikem-
mel sayilar hesab: esas olarak Euclid’in IX. kitabinin 36. teoremindeki ku-
rala tekabil etmektedir.** AbG Manstr Bagdadi (1037)'nin El-Tekmile fi’l-

* Board number: a.b.c.,a # b # c.
** Brick number: a?.b,a <b.

*** Well number: a?. b, a> b.

% g.g.e., 28° yaprak, hasiye. :

3 Ornegin bakimz: Nicomachi Geraseni Pythagorei Introductionis Aritmeticae Libri II, Rec.
R. Hoche, Lipsiae 1913, II, 17,6.

32 Isma‘il ibn Ibrahim ibn Fallds, a.g.e., 29° yaprak, satir 17.

3 Yazmada 68128 dir, bunun asikir nedeni 1 130 816 y1 izleyen saymmin son rakami-
nin iki defa yazilmig olmasidir. 1 130 816 dan bagka listede bulunan altinci (4 0g6 128) ve
onuncu (35 184 367 894 538) sayilar1 miikemmel degildir.

3 Yazmada 8 589 866 056 dir.

3 Muzafarova, Ch. R., “O Matematigeskich Glavach Enciklopedigeskogo Proizvedeni-
ja “Durra at-tadz li gurra-at-dibadz” (Zemguzina korony dlja ukrasenija dibadza) Kutbaddi-
na Sirazi.

Ugenie Zapiski Trudy Mechaniko-Matematigeskogo fakul’teta, cilt 1, Diigenbe 1970, s. 85-93,
92; mamafi makale iki hata ihtiva etmektedir: Ilki, besinci miikemmel say1 33 550 366 de-
gil 33 550 336 dir. Ikincisi, bu say1 n = 16 igin sonug vermez, n = 12 icin verir. Kutbed-
din el-Sirdzi Muzafarova tarafindan so6z edilmeyen altinci miikemmel sayiyr da verdiginden,
o agik¢a iki mitkemmel sayry1 kangtirmistir,glinkii altinct mitkemmel say1 n = 16 igin sonug
vermektedir.

3 Ismafl ibn Ibrahim ibn Fallis, a.g.e., 20°-21° yapraklar.



490 SONJA BRENTJES

hesab adh kitabi1 mikemmel sayilar hakkinda ilging bir ifade ihtiva etmek-
tedir. Bagdadi on’un her kuvvetinde bir mitkemmel say: vardir seklindeki
eski ¢aga ait kabuli reddetmekte ve onbin ile ylizbin arasinda bu tiir bir
say1 olmadigini bildirmektedir:

5fiFQgLo¢§f;SLcrU.\:-\}JAP>JEJ\QAW‘F‘;§:JUCJAJ&L'G.\;)”
3 b sae : ol iy Y

“O soyle dedi: On’un her kuvvetinde bir saymin miikemmel olmasi
yanltir, ¢linkii onbin ile ylizbin arasinda miikemmel say yoktur.”

Muhtemelen hi¢ degilse 5. miikemmel say1 ibn Fallis’dan once bili-
niyordu. Dost sayilara iliskin olarak Ibn Fallis sadece ilk gesit, yani niceli-
ge gore dost sayilarin olusturulmasi kuralini vermektedir. Bu ilk gesit dost
sayilar, diger metinlerde gecen, yalmiz ve yalmzca G (a,) =a,, G,(a,) = a,
ise a, ve a, nin dost sayilar olmas: kosuluyla belirlenmis ahsilmis dost sa-
yilardir, burada G, (n) n’nin tam bdlenlerinin toplamim gostermektedir.
Bu tanim yalmzca Ortagag Islam Diinyasi aragtiricilan tarafindan kullanil-
mus gibi gorinmektedir. Bu su ifadeye denktir:

Eger ve yalnizca eger G (a,) = G(a,) = a, + a, ise a,, a, dost sayilar-
dir, burada G (n) n’nin bitin boélenlerinin toplamim gostermektedir. Bu
Sabit ibn Kurra tarafindan kesfedilmis ve yukarda sozi edilen eserinin so-
nunda ifade edilmistir.*® Ibn Fallis birinci gesit dost sayilar igin kural
asagidaki sekilde agiklamugtir:

O 2aSl 3 Dylouza pladl EW o g8 Bl SlaeV) gay 2o Sl g G Ly
AV S gl Lo dly 8 T 0,80 Ladl =Wy 1815 sl sl 0,5
saeVl e b gy Y LSS Gl Lagie sty 8 1520 OB YAE 5 YY . Ja

37 Abi Mansir, Abd’l-Kahir ibn Tahir al-Bagdadi, a.g.e., s. 227.
B e Sl O L AlST Gl iy L Aol S s 5 A 1) ity
“."J}F’A‘_ J}.Ln.“ u.'a_.)
Saidan, A.S., a.g.e., s. 53.
Iki (sayidan) her birinin her (boleni) alinirsa ve (sayilarin) her birinin biitin bu
(bolenleri) toplanirsa, bunlarin toplami bu iki saymnin toplamina esittir.

Suna da bakimiz: B.A. Rosenfeld, “Sabit ibn Korra, Matematigeskie traktaty”, Naugnoe
Nasledstvo, cilt 8, Moskova 1984, s. 126.
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Joad sl 3 beae Liadiy b sl ade U o) Jy) Jea= OB Lgnad 0L g )
QU g paas @ cmldll Jg) 2 olaeYl 21 ) @Y G sl O s OY )
o Jadl s e Lo slaeYl =) ‘__QCLU Ay J,LY\J;Q)JJ\)\ Al 8k
Al e s g e ey QU a2 % Gl Jg) e sy bl

“Ontglinct sinif yani dost sayilar, li¢ alt siniftan ibarettir. (Birinci ge-
sit) nicelige gore dost sayilar (yani) iki saymnin biri fazlalikh ve digeri ek-
siklidir. Bu iki (saymnin) her birinin bélenleri (toplami) diger (say1) nicelige
esittir, 220 ve 284 gibi, ¢linkii bunlarin her birinin bélenleri (toplami) di-
gerinin niceligine esittir. Bunlar satrang tahtasi sayilarindan (asagidaki bi-
¢imde) ortaya gikmaktadir: Biz bunlan toplariz. Eger bir asal say1 gikarsa,
(toplanan sayilarin) sonuncuyu (toplama) ekleriz ve ayni sayidan (toplanan
sayllarin) sonuncusundan bir 6nce gelen (sayiy1) c¢ikaririz. (Eger) iki asal
sayl ¢tkarsa, bunlar carpariz ve sonucu (toplanan) sayilarin sonuncusu ile
carpariz. Boylece iki dost (sayidan) ilki elde edilmis olur. Bundan sonra
iki asal saymnin ilki digerine eklenerek ve sonug (eklenen) sayilarin sonun-
cusu ile carpilarak ikinci dost say1 bulunur. (Carpim) iki dost say1 arasin-
daki farktir. Bunu ilk dost sayiya eklersiniz ve ikinci dost say1 elde edilir.
Bu sekilde sonsuz sayida dost say1 olugturulur.”

Yukarda sozi edilen satrang tahtasi sayilan cift sayida cift say1 olarak
da adlandinlir,” yani ikinin kuvvetleri. Ibn Fallis’un tavsif ettigi siireg
soyledir:

n

EgerZ 2" = 2" "' — 1 asal ise, P;: = Z 2" + 2" ve P,: = Z 2"—2"" dir.
Eger P, ve P, asal ise ilk dost say1 a,: = P, ‘P,2" dir. Ikinci dost say, her
iki dost say1 arasindaki (p, +p,) 2, farki a;: a, = (P, + P,) 2" + a’e ek-
lendiginde elde edilir.

Bu kural R. Rashed’e gore,* ‘A.L. Mazhar'in nesrettigi metni diizel-
tildikten sonra Ibn Sind’nin Kitab el-Sifi’inda verdigi kurala tekabiil et-

3 1sma‘il ibn Ibrahim ibn Fallds, a.g.e., 21* yaprak, 14-21° yaprak, 8.
“ g.ge., 18° yaprak, 7. satir.
“ R. Rashed, “Nombres Amiables, Parties Aliquotes et Nombres figurés aux XIIIéme

et XIVém< sigcle”, a.g.e., s. 116, dipnot 30%.
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mektedir.** Mamafi, Rashed kafasindaki tashihi agiklamamistir. Bence,
pasajin baslangicindaki son ek huma ikil sahis zamirinin anlami agikhk
kazandiktan sonra metin herhangi bir agikar tashihe muhtag degildir. Hig
siphesiz Ibn Sina 2" * ' —1 in daima asal olmadigini biliyordu. Boylece,
cogul (ha) yerine ikil (huma)nin kullanilmasi zorunludur ve bu, ibn
Sind’nin az onceki metninde s6z edilen 220, 284 Ornegine isaret etmesi
demektir. Bu durumda n = 2 dir ve bu nedenle ilk iki cift say1 2 ve 4,1’e
eklenmistir. Sonug bir asal sayidir. Boylece, R. Rashed’in yorumu ibn Si-
na’nin 2"*' —1, n = 1,2, ..., asal olma genel kosulunu ifade etmedigi, fa-
kat sadece P, ve P, nin asalligini ifade ettigi anlaminda tadil edilmek zo-
rundadir. Ibn Sina’nin kuralinin buna ek bigimi sadece muhtevada degil,
ifadesinin genel gegerligi bakimindan da Ibn Fallis’'un kural ile uyus-
maktadir, fakat Ibn Fallés kuralin ilk kisminda n = 2 kosuluna kisitlama-
y1 tekrarlamamaktadir. Eger Ibn Sind’min ifadesinde tashih edilecek bir
sey varsa, ikinci sahis ikil zamirinden kaginilmalidir, yani “alaihimé yerine
‘alaihi veya ‘alaihi okunmalidir.Mamafi, bu tashih metnin anlamim gok
onemsiz bir bicimde etkilemektedir. Ibn Sina soyle yazmgtir:

131 0,5 of b2y Jif sas gazb Logne ani gy o)) £ slel casr 13y 7
8004l olaidl an dldly B33 dn AL OF A ) ey bl egls
Pabré\f\éc.:?\bqy@up)mié,&\g oy A
Lo oy sS A il y 101 6 gat 835 oo 05S% Sl saall ey ¢ o W 200

4 Ol Ly (o Gl Vil s sadl e olesadt ST

“Eger cift sayilarin cift katlan toplanirsa ve bunlann ikisine bir (sayisi)
eklenirse bir asal say: cikar. Eger (toplanan cift sayilann ¢ift katlarinin) so-
nuncusu toplama, yani 6 + 1’e eklenirse (yani 2 + 4 + 1 ya da 7 asal sa-
yisina) ve sondan bir 6nceki say1 cikartilirsa (ve) eger (toplam) ve (fark) iki
asal say1 ise (toplammn), (farkin) ve (toplanmig) sayilarin sonuncusunun

2 Rashed goyle yazmakta: Bu edisyonun okunmas diizeltilirse ibn Sind’nin metni da-
ha aydinlatici olur ve soyle gevrilir:

Eger (2"*' —1), P, P, asal ise, 2"P, P, ve 2" (P,, + P, + P_,P,) = 2°q, dost sayilar-
dir.

Burada onun kisaltmalan su anlama gelmektedir:

P = 32" =5, P, =g2™=1, q, =027 —1.

a.g.e,s. 111 ve 116, dipnot 30* ile kargilagtinniz.

> Burada avvaliyan sekli avvalain bigimine degigmistir.

“ Ibn Sina, a.g.e., s. 28, 15-20.
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carpimi bir dost say1 verir. Bunun dostu olan sayi, toplanan (sayilarin) so-
nuncusu ile ¢arpilmig olan s6z konusu edilen toplam ve farkin toplaminin
once bulunan dost sayiya eklenmesiyle bulunur. Bu ikisi dost (sayilar)dir.”

Ibn Sind’min kuralinin bu okunus ve yorumlanis sekli Ibn Fallis’un
2"*" —1 genel asallik kosulunu nasil gelistirebilmis oldugunu izahsiz birak-
maktadir. Sabit ibn Kurra’nin 2"*' (2"*' + 2"?) —1 kuralinin yerine 2"*'
—1’in segilmesi i¢in bir argiimen ihtiva eden bir metin ben bilmiyorum.
Mamafi bu adimi hipotetik olarak yeniden kurabilecek bazi ipuglan var-
dir. ilki, ibn Sind’nin n = 3 i¢in kuralinin kontrolu, P, ve P, asal sayilar
olmasina ragmen a, ve a,’nin dost sayilar olmadigini ve n = 2 durumun-
dakinin tersine, 2¢ —1 = 15 in asal olmadigini gostermektedir. Ikinci ola-
rak, n = 4 durumuna devam etme P,, P, ve 25 —1 = gr’nin asal say1 ve
a, ve a,’yi dost sayilar olarak verir. J. Hogendijk’in Sabit ibn Kurra’nin
dost sayilar lizerine olan eserinin inandinci yorumuna gore, Sabit ibn
Kurra bu dost say: ciftini zaten biliyordu, ¢linkii onun genel kural igin is-
patt n = 4 durumu igin ifade edilmisti.** Buradan, ibn Fallis’un ibn
Sina’'nin  kuralm aligilmadik bir bigimiyle aldigi sonucunu ¢ikarmak
miimkiin olabilir. Ugiinciisii, diger yazarlarin eserleri Sabit ibn Kurra’nin
kuralinin ayniyla nakledildigini gostermektedir. Yine de, bilinen metinle-
rin biyiik gogunlugu temel olarak Ibn Sina’yi izlemektedir.* ibn Fal-

4 Hogendijk, J.P., “Thabit ibn Qurra and the Pair of Amicable Numbers 17296,
184167, Historia Mathematica, cilt 12, 1985, s. 269-273.

% Al-Kabisi Sabit ibn Kurra tarafindan verilen bigimde Sabit kuralini kullanmaktadir:
Eger. B, = o°tt = ik 0% P, = g7 —1g™ ye P s gukt (anh! - g0%).—1 a3al sayilar ise;
2"P P, ve 2"P, dost sayilardir, bir ciimle mevcut tek yazmada kayip olmasina ragmen “Ri-
sile el-Kabisi fi cem® enva“ min el-a"dad”, a.g.e., s. 192-191 (Arapga)

Kereci cebir eseri e/-Badi”in bir boliimiinde kaynagina atif yapmaksizin nispeten genis
bir bigimde Sabit ibn Kurra’nin metnini 6zetlemektedir. Dost sayilar i¢in Sabit ibn Kur-
ra’mn kuralinin su uyarlamasim kullanmaktadir:

a, = P, P2", a, = [(2""')? + 1/8 (2"*')* —1] 2", P, P, Sabit ibn Kurra tarafindan
tammlandig: sekilde asal sayilardir, ve [(2"*')* + 1/8 (2"*')* —1)] asal sayidir. “L’Algebre al-
Badi® d’Al-Karagi”, a.g.e., s. 27.

AbG Mansir el-Bagdadi temel olarak ibn Sina’nin uyarlamasina benzer, P, ve P, asal
sayilarinin ardil tavsifi olan kurali sunmugtur:

— Ilk adim : 22 + 1 = 5 bir asal sayidur,
5.2 + 1 = 11 bir asal sayidir,

11 — 27 bir asal sayidur, yani 2"*' —1 in asal olup olmadigim kontrol etmektedir;

11.5.2° = 220 ilk dost say1 ve (5 + 11)2® + 220 = 284 de ikinci dost
sayidir;
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las'dan once yasamig ve dost sayilar kuralim Ibn Sind’minkine benzer bi-
¢imde ifade etmis bilinen tek arastinct AbG Mansir el-Bagdadidir. ¥

— lIkinci adim: Yeni bir ift dost say1 aragirma 2.11 +1, 2.5 + 1, 2.11 + 1-23, 2.5 +1-25.

Bu dort sayimin asal olup olmadiklarini dener, eger degillerse, bu adim yeni bir cift
dost say1 vermez ve yeniden hesaplar:

2P, + 1, 2P, + 1 ve bunlann asal olup olmadiklarini dener.

2" —1 ve 2" —1 asal sayilar kosulu kayip. Eger n-inci adimda 2P, + 1 ve 2P, + 1
asal sayilar ise ilk dost say1 (2P, + 1) (2P, + 1) 2" dir.

Abi Mansir Abd’l-Kahir Ibn Tahir el -Bagdadi, a.g.e., s. 230-231.

Al-Farisi, Sabit Ibn Kurra’nin kuralimin bir uyarlamasini tavsif etmektedir:

q =2"+ 2" —1,q = 32" -1, qq, =q; q + g, +q, = q; egerq,, q, ve q,
asal ise 2"q, ve 2"q, dost sayilardir.

Bakimiz: R. Rashed, “Matériaux Pour I'Historie des Nombres Amiables et de I’Analy-
se Combinatoire”, a.g.e,, s. 265;'Zeyneddin el-Tanihi (1307) Kereci gibi aym kurah ifade
etmektedir, mamafi metin, Sabit ibn Kurra tarafindan tanimlanan p,:p,, p, i¢in, ve Kereci
tarafindan tanimlanan p, igin kosulun genel ifadesini atlamaktadir. Eger bu ii¢ say1 asal
ise, 2"P P, ve 2"P, dost sayilardir. P,’nin bulunmayigi 220,284 6rnegini izleyerek cikanlabi-
lir. a.g.e., s. 228 ile kargilagtinmiz.

Muhammed Bekir al-Yezdi asagidaki kural ifade etmektedir:

G ™ (57/2). 2% =1 =gV ! =i, g, ™ 4020 —p =gt of gt p) g igq,) g, = G,
+ g, + q,. Rashed tarafindan telif edildigi gibi Al-Yezdi'nin genel ifadesinin bir hata iger-
digine dikkat ediniz, ¢liinkii o, q,i 2" —1 olarak tamimlamaktadir. Fakat q,’i yukaridaki
ornekteki gibi vermekte. Onun genel kurali soyle devam etmektedir:

Eger q,, q, ve q, asal sayilar ise, 2°q, ve 2°(q, + q, +q,) dost sayilardir. a.g.e., s. 226
ile mukayese ediniz.

Ibn Haydar (6lm. 1413) Ibn al-Banni‘nin “Telhis a‘mal el-hesab” adli eseri iizerine
yapug: serhde 220,284 6rnegine iligkin kurali vermektedir:

P,, P, Sabit ibn Kurra tarafindan yapildig1 gibi tanimlanmustir, eger bunlar asal ise,
o halde 2"P,P, aranan sayilann ilkidir. Eger P,=(2"*' + 1/4.2").2""" —1 asal ise, o halde
P,2" ikinci aranan sayidir. Bakiniz; a.g.e., s. 217.

M. Soussi’nin Ibn al-Banna’ya atfettigi, fakat Rashed’e gore muhtemelen bir serhgi ta-
rafindan yazilmis bir eserde bu kural Sabit ibn Kurra’nin orijinal bi¢iminde tekrar ortaya
¢ikmaktadir. Mamafi metnin yazan yanhs olarak P, ve P, sayilarinin her biri yerine 2" nin
PP, carpaminin asalligini istemektedir. Bu istegi ve 220,284 ve 17296, 18416 6rnekleri ara-
sindaki ¢eligkiyi kendi hatasini farketmeksizin ifade etmektedir. Bakiniz; M. Soussi, a.g.e., s.
4-7. Soussi’nin Sabit ibn Kurra kural formiilleri iki yanhslik ihtiva etmektedir (s.13):

c = 9.2"" —1 yerine ¢ = g2’ —1 olarak okur. Sabit’in kurali bu metinde verilen
kuraldan daha basit degildir, fakat bu iki kural esdegerdir. Bu gergege zaten Borho tarafin-
dan dikkat gekilmisti. Bakimiz; W. Borho, “Befreundete Zahlen. Ein Zweitausend Jahre Al-
tes Thema aus der Elementaren Zahlentheorie”, Lebendige ahlen. Matematische Miniaturen,
cilt I, Basel 1981, s. 30.

Ote yandan Kutbeddin Sirazi bu kurali Ibn Fallis gibi aym bigimde nakleder. Baki-
mz; Ch. R. Muzafarova, “Arifmatika Nikomacha v Izlozenii Kutbaddina Sirazi”, a.g.e., s.
129.

" Dipnot 46 daki Al-Bagdadi’nin kuralimin tavsifine bakiniz.
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Dordiinct olarak, Sabit ibn Kurra’nin eserinin Paris nushasindan farkhi
olan Ayasofya niishasi bagka bir ipucu vermektedir.*® Aya Sofya yazma-
sinda sadece P, P, ve P: = 27%t (2m 4 o%%) —p’in defil, bir Z = 2o
—1 sayisin da asal olmas: istenmektedir. ¥ Hogendijk’in yukarda s6z ko-
nusu edilen yorumuna dayanarak P, ve P, i¢in asallik kogulunda bu sekil-
de Z’nin ise kangmasi Z = 31 iken n = 4 belirli durumunun bir yansi-
masi olarak da agiklanabilir. Sabit ibn Kurra'nin P, ve P, igin asallik ko-
sulu genel duruma isaret ettiginden,* Z’nin kabulii de genel bir kosul ol-
ma goriiniimiindedir. Ibn Sin&’min kuralim nakleden daha sonraki yazar-
lar Sabit ibn Kurra’nin eserinin Ayasofya niishasina dayanarak 2" —i,
P, ve P, icin bu genel asallik kosulunu alabilirlerdi, halbuki P, igin kosul
atlanmigti, ¢linkii P, artik kesin olarak hesaplanmiyordu. Bunlar yukarda
ana hatlan verilen disiincelerle 2"*" —1 icin genel asallik kosulunu kendi-
liginden insanin aklina getirmis olabilir.

Hi¢ bir Islam arastinicisi her iki kural arasindaki iligkileri aragtirmuig
gorinmemektedir. Bu iki kuralin ortaya koydugu dost say: ciftleri arasin-
da yapilan bir mukayese her iki kuralin da n = 2 ve n = 4 i¢in sonug
verdigini, fakat sadece Sabit ibn Kurra’min kuralinin n = 7 igin de dost

8 Yazma 4830, Ayasofya, Istanbul, 110121 yapraklar; bakiniz; A.S. Saidan, a.g.e., s.
50-53-
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a.ge., s. 50.
» SV e Vgl e 0 boe o olel e dely OB OB
Sl ods Q)ﬁ?b Qg o g 4\ S &5:5\ SlasY gl Vg o by sl 4

. (M) J.g\ )\ “n
Lo piysd gy’
a.g.e., s. 50 ve 54. Calilyh cp sde or Oladal Olia : Y e 3 (V)

Bu pasajin Ingilizce uyarlamasi i¢in Hogendijk’in terciimesini kullandim. J. Hogen-
dijk, “Thabit ibn Qurra and the Pair of Amicable Numbers 17296, 184167, a.g.e., s. 270.
Mamafi Hogendijk’in Arap¢a metnin orijinal Z harfini yorumunu (x) isareti ile degistirdim
ve Hogendijk’in aciklamasim (...) atladim ve Saidan’in dipnot 10 ve 11 deki sayillanm ekle-
dim:

“Eger Z,H,T sayilanimn her biri iki sayisi diginda bir asal say1 ise, bu durum bizim is-
tedigimizdir.Eger degilse, kendisinden tiiretilecek sayilarin asal oldugu belirli bir sayiya ula-
sincaya kadar say: dizilerini agariz(111)”.

“(10) yazma 2’de:... H.T sayilan

(11) yazma 2’de:... bu iki say1 asaldirlar”.

Yazma 2 Paris yazmasidir, yazma 2457, Bibliotheque Nationale, 170°180" yapraklar;
Sabit ibn Kurra,'a.g.e., s. 124 ile kargilagtinniz.
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say1 cifti verdigini gostermektedir. Borho’ya gore,®' bu kural n220.000
icin baska bir cift (dost say1) vermez. q = 2"*' —1 ve yukarda 2"*' (2"*
+ 2™%) —1 olarak verilen P, ile iki kural arasindaki iligki soyle ifade edile-
bilir:

P, =9/8(q+ 1)* = 1/8.(9q” + 18q + 1).

Kaginilmaz olarak “q asaldir” ve “P, asaldir” iddialan asagidaki
orneklerle gosterildigi gibi bagimsizdir: n = 6 q = 127 asal, P, = 18,431
= 7.2633

n=28 q=7511=7.73,P, =294.911 asal.

Sonsuz x degerleri igin f (x) asal sayilarin1 veren hig bir f ikinci derece
polinomu bilinmemektedir.** a, = 2"P,P, ve a, = 2"P, sayilannin P,, P,
ve P, asal iken dost sayilar olmasi asagidaki sonuglan vermektedir:

— Eger a, ve a, dost sayilar ise, G (a,) = G(a,) olmasi P, = (P, + 1)
(P, + 1) —1 asal ve P, ve P, keyfi asal sayilar iken gecerlidir;

—Eger a, ve a, dost sayilar ise ister 2"*' —1 bir asal say1 olsun ister
olmasin G(a,) = G(a,) dogrudur, yani 2""' —1 igin asallik kosulu dikkate
alinmamugstir;

—a, ve a, dost sayilarinin P, ve P, asallarinin yapisi, a, ve a, dost sa-
yilar1 igin gecerli olmak zorunda olan 2"P P, + 2°P, = G(2"F,) denk-
lemine dayanmaktadir.

P, ve P, P, arasindaki yukarda verilen iligkiyi kullanarak 2°P,P, +
2"P, = G(2"P,) denklemi (P, + 1) (P, + 1)/P, + P, + 2 = 2" sonucunu
verir.

Eger a, = 2"P P, ve a, = 2"P, dost sayilar ise ii¢ asal saymin en
kiiciigi 2’den biyiiktiir. Boylece P, + 1 = 2k,, P, + 1 = 2k,, k,<k, ya-
zabiliriz.

4k k,/2(k, + k,) = 2" elde ederiz.

k, = 2"k (2 + 1) ve k, = 2™ (2* + 1) ve 0<k<n ile ii¢ asal sayinin
agagidaki yapisi elde edilir:

P, =2tk 1) —1
P,=2"(2*+ 1)—1
PP iy, 1)t =2t dapr =1

5! W. Borho, a.g.e, s. 14.
52 Bu bilgi i¢in Dr. O. Neumann’a minnettarim.
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Bu sonug, yukarda verilen tipteki biitin dost sayilar igin, yani a, =
2"P,P, ve a,= 2"P, tipleri i¢in Euler kuralina egdegerdir. k = 1 igin Sabit
ibn Kurra’nin kuralinin esdegeri bir uyarlama elde edilir.

Ibn Fallds ikinci tiir dost sayilar1 goyle tavsif etmektedir:

Y0, 15,5 o5l 0, brgj cp sl Al 045 0L 2aS G Al
5, e gy adl) 0550y 1o

“Eger iki sayidan biri ¢ift ve bolenleri tek ise ve de digeri (say1) tek ve
bolenleri cift ise bunlar nitelige gore dost (sayilar)dir.”

“Bolenleri” “bolenlerinin toplami” olarak, yani saymin tam bolenleri-
nin toplami olarak yorumlanmas: sartiyla bu ifade anlam doludur. Bu yo-
rum Ibn Fallis’un eserinin ikinci bolimiindeki fazlalikl, eksikli ve niceli-
ge gore dost sayilar tanimlarini ifade bigimi ile dogrulanmaktadir. Burada
yazar ilk boliimdeki tamimlann tersine “bélenlerin toplami” anlaminda
“bolenler” ifadesini kullanmaktadir.>* Buradan, iki sayiya nitelige gore
dost sayilar denmektedir,

eger a, = 2k, ve G (a,) = 2m, + 1,
a, = 2k, + 1 ve G (a,) = 2m,,
k, m; € IN,i=1,2ise.
Metinde 6rnek verilmemistir. Bununla beraber, sadece asagidaki sayi-
larin nitelige gore dost sayilar oldugunu gostermek kolaydir:
a, : 2", (2k,)?, 2"(2k,)?, 2"(2k, + 1)?
az (2k, +1)%
n, k,k, € IN.

1 2

(2k,)* ve 2" (2k,)?, 2" ya da 2" (2k, + 1)? nin 6zel durumlarindan bagka
birsey degildir. a, = 2" asikar olarak kosullan saglamaktadir.

Eger ve yalmzca eger G[(2 k, + 1)*] ve G[(2k, + 1)*] tek ise a,=2"
(2k, + 1)*ve a,=(2 k, + 1)? bunlan saglar.

53 Isma‘l ibn Ibrahim ibn Falls, a.g.e., 21° yaprak, g. satir.

% a.g.e., 17° yaprak, 1-5.
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2k + 1 =P". P,"....P" asal say1 olsun, P;# P, # 2, ¥, j € { ) B }

2ri

Eger ve sadece eger her faktor tek ise G [ (2k + 1)* | = [T(2P;) tekdir.

=1 I=o

Bu apagciktir, ¢linkii her faktor tek terimlerin tek sayida toplamudir. Diger
biitlin tek veya cift sayilar nitelige gore dost say: degildirler.

Ugiincii gesit olan, nicelige ve nitelige gore dost sayilar ibn Fallds ta-
rafindan Onceki iki gesitin ozelliklerine sahip sayilar olarak tammlanmis-
tir.

Bu tanim su anlama gelmektedir:

Eger G (a,) = a, ve G (a,) = a, iken, a, cift, G,(a,) tek ise; a, tek ve
G,(a,) cift ise a, ve a, ye nicelige ve nitelige gore dost sayilar denir. Boyle-
oe;

1.a,=2" a,=(2k, + 1)’yada
2.a, = 2" (2k, + 1)?, a, = (2k, + 1)* ve G (a,) = a,, G,(a,) = a,
seklindeki a,, a, ters parite ciftleri tam olarak arastirilabilir.

Ilk durum bir tarafa birakilacak kadar basittir, ¢iinkii Kanold s, t,
n ve m;, lerin tek olmas: halinde s = p", t = q,"™. q,"... q,", p#q;#q; sayr-
larinin sadece dost olabileceklerini ispatlamigtir.*® Bu ispattan ikinci du-
rumdaki 2k, + 1r’in bir asal sayinin bir kuvveti olamayacag tesadiifen ¢ik-
maktadir. Buradan, ters pariteye sahip bir say1 cifti sadece eger a, =
2"(2k, + 1)%, a, = (2k, + 1)* ve 2k, + 1 bir asal saymin bir kuvveti degil-
se dost olabilir (bu formiillendirme Ibn FallGs’un nicelige ve nitelige gore
dost sayilarina esdegerdir).”’

% a.g.e., 21° varak, 10-12.

% H.-J. Kanold, “Uber Befreundete Zahlen”, Mathematische Nachrichten, cilt g, 1953, s.
243-248.

57 Yazmay: incelemeyi bitirdikten sonra H.-J. Kanold’un adi gecen eserini ve A.A.
Goia ve A.M. Vaidya'nin American Mathematical Monthly’nin cilt 8, 74. sayisinda s. g69-973
de gikan “Amicable Numbers with Opposite Parity” adli yazisini ve de Lee tarafindan zikr
edilen J.S. Madachy’nin Journal of Recreational Mathematics 5,2,1972, s. 77-93’de ¢ikan “The
History and Discovery of Amicable Numbers” adhi makalesini okudum. Lee ve Ma-
dachy’nin incelemeleri bu makalede farkh pariteli dost sayilarin yapisi hakkindaki diisiince-
ler icin temel olma hizmetini gormiistiir. Gioia ve Vaidya’nin eseri de farkh pariteli dost sa-
y1 ciftlerinin sadece 2"(2k, + 1)* (2k, + 1)?, 2k, + 1 yapisina sahip olabildiklerini goster-
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Zamammiza kadar boyle bir ift bilinmemektedir,*® fakat zorunlu ko-
sullar ve alt sinirlar ortaya konmugtur:

a, = 2" (2k, + 1)* ve a, = (2k, + 1) dost sayilar olsun.
Su asagidakiler gecerlidir:

1. a, bir tam saymin ne dordiincii bir kuvvetidir ne de dordiincii
kuvvetinin dort ya da sekiz katidir.

2. 2k, + 1 bir kare degildir.

3. Eger n = 1 ise, a,<a,, (a,, a,) = 1 olur; a, hi¢ degilse bes farkli

asal faktore sahiptir, a,a, = 2 (mod 24) . a,> 10%
4.Egern > 1ise,a, < a,, (a,,a,) > 1dir.

5. Eger n > 1 tek ise, (2k, + 1,3) = (2k, + 1,3), ve bir q asal sayisi
olur. meIN, q™l2k, + 1 ve q™*'42k, +1 ve @ = m = 1 (mod 3). Eger
m = 3 (mod 4) ise, q dan farkli olmasi zorunlu olmayan bir p asal sayisi
mevcut olur, ve leIN, p'lek, + 1 ve p't't2k, + 1 ve 2p= 1 = 2 (mod 5)
ve 2k, + 1=2k, + 1=1/4 (n+1) G [(2k, + 1)* ] = 0 (mod 5).

6. Eger 2k, + 1 = p*ise, n = 1,s>6, p=1 (mod 12), a,’nin farkh
asal faktorlerinin sayisi 24’den buytiktiir ve a, > 107, dir. ¥

Yirminci yiizyil matematikgileri tarafindan elde edilen bu sonuglar,
Uclncl gesit dost sayilar1 bulma probleminin ortagag matematikgileri tara-
findan ¢o6zillemedigini gostermektedir. Boylece, bu problem muhtemelen
matematiksel bir baglamdan dogmamustir. Bu problemi ihtiva eden bagka
bir metin bilinmediginden, bunun mengei veya bagkalari tzerinde etkisi
hakkinda son bir cevap bu dénemde verilememistir. Mamafi, Ismail ibn
Ibrahim ibn Fallis’un agiklama tarzi bunun muhtemel mengeine felsefi
bir zeminde isaret etmektedir.

mektedir. 2k, + 1 yapisi lizerine daha bagka 6nermeler de ortaya konmustur. Kanit, 2k, +
1 yapisina iligkin daha keskin bir sonug¢ veren Kanold’un makalesinden bagimsizdir.
Gioia’min ve Vaidya'nin makalesinin dost sayilarin tanimimin dogru olmayan bir ifadesini
igledigine dikkat ediniz. Onlar, bir sayinin biitiin pozitif bolenlerinin toplaminin diger sayi-
ya egit olmasini istemekteler (s.69).

8 E.J. Lee, J.S. Madachy, a.g.e., s. 84’ gore a, = 2"M?, a, = N* formiilii, M, N tek
sayilani ilk defa O. Gmelire tarafindan verilmisti (Uber Vollkommene und Befreundete Zahlen,
Diss., Heidelberg 1917, Halle/S., 1917) fakat bir gergek olarak bunun en erken ortaya gikisi
H.-J. Kanold’dadir (“Uber Befreundete Zahlen, II”, Mathematische Nachrichten, cilt 10, 1953,
$.Qg-I11).

% a.ge.,s.99-111; EJ. Lee, ].S. Madachy, a.g.c., s. 84.
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TESEKKUR

Dar el-Kutub, Kahire, yazma B 23317,3 deki yazmay: elde etme im-
kdnini bana saglayan Prof. D. King’e (Frankfurt a.M.) ve makalemin Ingi-
lizce terciimesine iligkin yardimlann icin Dr. J. Hogendijk’e (Utrecht)
mutesekkirim.

Dr. Sonja Brentjes





